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Abstract. We proved that any even number not less than 6 can be expressed 
as the sum of two old primes, 2n = pi + pj . 



1. Introduction 

The Goldbach conjecture was one of the oldest unsolved problems in number 
theory 0]. It states that for any even number 2n there exists a pair of double 
primes (jpi,Pj) such that 2n = pi +pj, and usually represented as '1+1'. The best 
result is the Chen's Theorem ^ |2] that every 'large' even number may be written 
as the sum of a prime and a semiprime (2-almost primes) . Our result is as theorem 

o 

Theorem 1.1. There is at least one pair of double primes for any even number 
In = pi + Pj > 6 . 



Let P—{pi,P2, ■■■iPv} = {2, 3, ...,p v } be the primes not exceeding y/2n, then the 
number of primes not exceeding 2n 5 is, 
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For simplicity, we can write it as, 

?r(2n) = (ir(V2n) - 1) + 2n 

= (7r(V2^)-l)+2nn;-, 
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The operator 1 — ^- will leave the items which are not multiples of pi. 

In this paper, [x\ < x is the floor function, \x\ > x the ceiling function of a;. The 
integral operator '[ ]', which is not the floor function in this paper, has meanings 
only operating on (real) number: m[ ] = [to] = [toJ . 



Date: Oct.3, 2005. 

2000 Mathematics Subject Classification. 11A41; 11P32; 11N36 . 

Key words and phrases, prime, floor function, ceiling function, integral operator, Goldbach's 
conjecture. 

All rights reserved. This is one of a serial works, and was supported financially by Prof. Wei 
WANG and on loan in part. 
Corresponding author: Zhanle Du. 

1 



2 



SHOUYU DU AND ZHANLE DU 



2. The number of double prime pairs in 2n 

Let Z = {1, 2, .... to}(to < 2n — 1) be a natural arithmetic progression, Z' = 
2n — Z = {2n — 1, 2n — 2, 2n — to} be its accompanying arithmetic progression, 
so that 2n = Zk + Z' k , k = 1, 2, • • • , to. There are to such pairs. 

Z = { 1, 2, to } 

Z' = { 2n-l, 2n-2, 2?i - to }. 

After deleted all the pairs in which one or both items Zk and Z' k are multiples 
of the primes pi < %/2n, then the pairs left are all prime pairs or [l,2n-l]. 

For a certain p,, we first delete the multiples of p; in set Z, or the items of 
Z fe modp s ; = 0, 
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has meaning only operated on integer (m). 



(2.3) A, = (2n)modpj 

is not zero, we should delete the multiples of pi in Z', i.e. the items of (2n 
Zk)modpi = or Zkmodpi = (2n)modpi in set Z, 



(2.4) 
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where < (2n— l)modpi < (p, — 1) is the remainder modulo p, . < 9i = (p% — 1) — 
(2n— l)modpi = (p^ — Ai) < (p, — 1) is the number of elements which, when added 
before Z', will make a new progression (Z" = {Z a , Z'}, Z a = {pi — l,Pi — 2, Aj}) 
having items of Z' k 'm.odpi = in the positions of fcrnodp^ = 0. If A.; 7^ 0, then it is 
the position of the first item with Z' k modpi = 0, and then 9i = pi — A;. Eq. (|2.2() 
will delete all pairs with Zkmodpi = in set Z, and Eq. I|2.4|l will delete all pairs 
with Zkvnadpi = A; in set Z . 

If (2n)modpi = 0, then for some Zkmodpi = 0, we have Z' k modpi = (2n — 
Zfc)modpi = 0. These two items are in the same pair and should be deleted only 
once, thus, 

(2.5) y'{pi) =0 if (2n)modp. t = 0. 
When (2n)modp l ^ 0, 1 < 9, t < p, t - 1, 

(2.6) y'(pi 
where < S < 1 with, 

(2.7) 6- 
After deleted all the multiples of pi in both Z and Z', the pairs will leave, 
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< TOmodpi + 6i < pi 
else. 
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The operator 



Pi pi 



, when operating on to, will leaves the items having 
no multiples of p.^ After deleted the multiples of the primes Pi < p v in both Z and 
Z', the pairs left will be prime pairs and have, 
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Let 1 < % = f - 1 - (2n - l)modpiPj = - < (p.^- - 1). 1 < \j A = 
(2n)modpiPj < piPj — 1 is the position of the first item in Z' with Z' k vnod{p; L pj) = 0, 
if it does not exist then Xij > to, to + 6ij < PiPj and this item will be zero. Note 
that ^ because pi \ (2n) and pj \ (2n). 

In Eq. 12.11( 1. 1 < 4 j d = p^- - Ay < (piPj - 1), 1 < \j < PiPj - 1 is the 
position of the first item with Pi\Z\ t>j and Pj\Z'\. . ■ 



Z Xlj modpi = 
Z\ t ; modp :) = (2n)modpj. 



(2.12) 

Let X = {Xpi}, X' = In - X = {2n - Xp l }, A = 1, 2 
(2.13) 



\i\jPiinodpj = (2n)modpj 
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pi J : 



then 



Xi,j < 



If it exists and (2n)modpj ^ 0, then 1 < Ay <pj — l, and < 0jj = pipj 
Piijpj — 1). If there is no such Ay in set Z, i.e., Ay > (to + 1), then the last item 
in Eq. 1(2.11(1 will equal zero. 

Let to = 2ra-l, then Z = {1, 2, 2ra-l} and Z' = 2n-Z = {2n-l, 2n-2, 1}. 
For each pais, there is another same pair: 2n = Zk + Z' k = Z' 2n _ k + Zm-k- When 
k = n is prime, it must be the same pair 2n = Z n + Z' n = n + n. Therefore, from 
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Eq. (|2.9(l . the actual number of prime pairs in 2n is, 
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where D(\/2n) > is the number of prime pairs 2n = p, 
p v < V2n, pj — 2n — pi are both primes, and 
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Remember that when (2n)modpi = 0, 



0. 



□ 



Example 2.1. Let 2n = 46, then pi = [2, 3, 5], 3 \ n, 5 \ n, m = 2n - 1 = 45, 
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From Eq. HUJ, 
£> (2n-l) = (2n-l)[l-|] 
= 45 
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= 45 - 22 - 15 + 7 - 15 + 7 

-9+4+3-1+3-2 

-9+4+3-2+3-1 
= 3. 

We can check this result directly. After deleted the items of Zfcmod2 = 0; Zfcinod3 
0, 1; Z fe mod5 = 0, 1 from set Z, it is left Z = {17, 23, 29}. D Q (2n - 1) = 3, it is the 
same as before. 

From D(y/2n) = 2(46 = 3 + 43 = 5 + 41), D x = 0(46-1=45 is not a prime). 
From Eq. ijiHI)) . D(2n) = ["§]+ 2 - = 4. The set left is Z = {3, 5, 17, 23}, Z' = 
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44 — Z = {43, 41, 29, 23}. Thus there are four double prime pairs of 46 = pi + pj r. 
(3, 43), (5, 41), (17, 29), (23, 23). □ 

Definition 2.2. The items of Zf-modpi = 0, or the multiples of pi, have, 
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Definition 2.3. Let X = {Xi, X 2 , • • • , -X"t} be an (any) integer set, then 
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is the number of items left after deleted the items of Xkmodpi = 0, Aj. 
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is the number of items left when we first delete those Zkmodpi = 0, A, from set Z, 
and then delete those Xk>modpj = 0, \j from set X = {Z, Xk>modpi ^ 0, Aj, k' — 

1,2, ■ ■ ■ ,m 1 — ^ — }, where set X is no longer an arithmetic sequence. In 

general, 
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3. Some property 
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Proof. Let a = mimodpi,/3 = 77i 2 modp;, 
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The minimum: min(Si2) = — 1 — 1 = —2, when a + {3 > pi, a + 9i < pi, (3 - 
The maximum: max{5ri) = — — 1 + 1 + 1 = 1, when a + /? < pi, a - 
P + 9i > Pi . 



Oi < pi. 

0i > Pn 
□ 



We can represent Eq. I|3.5|l as 
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will delete the items of X^modp, 
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4. Some lemma 



Lemma 4.1. For m> pi, 
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Lemma 4.2. For m > p|, pj > p, > 2, 
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Proof. Let m = sp^pj + 1, t = apj + o, < a < (p^ — 1), < 6 < (pj — 1), 



Ai = (2?i)modp; 7^ else 
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= 0, so 



> and 



> 0, 9ij > 0. Because m > pj, pj > p^ so s > 1. 
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Because m(v) — m> p%. Let m(j — 1) = \m(j)(l — 3/pj)~\ , then 

m(j - 1) = \m(j)(l - 3/ Pj )] > pf (1 - Z/pi) = pjfa - 3) 
> + 2)(pj_i - 1) = Pj 2 _! +Pi_i - 2 > pf_ x . 

So for any i < (j — 1), we have m(i) > pf . 
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(c) if a = 1: if 
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If a = 1, then e > 1 - a > 0. 

Else if a = 2(< p. t ), from Eq. H2.13j) . Oj.i = PiPj - Xpj > p 3 (1 < 
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j - e 4 > if s = 1, 



apj -\-b-\-Qi t 
3p 



□ 



Therefore, 



£ = £ — a + £' 
> 1 - a 





+ 


3pj 





apj-\-b-\-9j^. 



apj -\-b 
3p 



>+Sij I 
■i J 



If a < 1 then e > 1 - a > 0. 
Else for a = 2(< pt), because 9j t i 



PiPj - Xpj > Pj (1 < A < p s ; - 1), 



apj +6+0.; 
PiPj 



> 



^±Ei| = 1. So : . ; I — (/ 



1 > 0. 



In summary, e > for all < < \/m. the Lemma is proved. 



□ 



If {2n)xnodpi = 0, 
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_1 1_ 

Pj Pi 





1 - 

7 






Pi 


)( 




A 




pj / 



+t 





_t_ 


+ 


t 




t+9j 


+ 






Pi 




PiPj 




Pi 




PiPi 



(«-[*]) 



a(Pi - 1) + 



3t 
Pj 



. Pj J 


!±£i + 


-*-| + 


t+Si,i 




J 


_PiPi J 


PiPi 



= s(pi - 1) + 3a + 

= fl ( Pi _l)+o+[gJ 
where 



J 



a — a 



b+e 

Pi 



PiPi 
E\ — £3 — £4, 



-J 



£4 



PiPj J 
± J modpi + (t- ) modpi 



Pi 
3aH 



< 1 



< 2 



Pj 



< 1, 



Ae = £1 + £ 3 + £4 < 4. 
We can follow the same method above (it is a little easier), 



rn 


1 - 


j_ 

pi _ 




1 - 




1 

]i 


J_ 

Pj 


> 


m 


t 


Pi) 




1 - 


j_ 

Pi _ 




m 


1 - 


j_ 




x 




1 - 


J_ 


> 


m 




m 




1 - 


j_ 


i_ 






pi 




Pi _ 






p -i . 














Pi 


Pi 



(4.3) 



Eq. H4.1f) and l|4.2|l mean that, after deleted the items of Zkmodpj — 0, Xj from 
Z, the items of Zkmodpi 7^ 0, Aj, will have, 

(4.4) S(m lPl 0, \i- Pj 0, A,) = S(\m(l - 3/ Pj )], Pi jf 0, Aj) + A( Pl |f 0, A,), 

where A(pj || 0, Ai) > is the extra items of Zfcinodp,; 7^ 0, Xi and Zkmodpj 

0, A., . Thus the effect of 1 — — is that it constructs a new effective nature 

' 3 L Pj PjJ 

sequence with at least |~m(l — 3 P j)~\ items which satisfy the condition Zkmodpj ^ 



This lemma means that, from equation Ij4.1|l and (|3.6J) . we can let 

m 1 — — = mil — — ) +t, t > 0, and operated by 

Pj Pj J \ Pj / 

the items which have no multiples of P i and pj. 



to attain 



(4.5) 



Pi 



1 



pj 



j_ 



S(m, Pi lr\0,Xi; Pj l/!0,Xj) 



+ t 



= S( \m(l - 3/pj)l , Pi ^ 0, A*) + A(pi ^ 0, A,) 



1 — — — — 

Pi pi 





m 




— 1 






t 


Pj / 


> 


m 




— 1 








Pj / 



Pi Pi 



_1_ 

Pi 



1_ V-H 

Pi pi 



THERE IS AT LEAST ONE PAIR. OF DOUBLE PRIMES 



FOR ANY EVEN NUMBER 11 



Lemma 4.3. 

(4.6) 



[1-1] 



1 — I — I 

3 3 



> \f 1 - L 



Proo/. For p, ; = 2,pj = 3, m = 6s + t, from Eq. I|3.4|l . 



[1-1] 



l _ l 

3 3 

2^ 



6s [1-1] 



For the residual class of modulo 6, X = {6s + 1, 6s + 2, • • • , 6s + 6}, Xfemod6 = 
{1,2,3,4,5,6}, there are 4 elements (2,3,4,6) of multiples of 2 or 3. For the 
other elements X; c mod6 = {1,5}, there is at least one item with 3 \ (2n — X k ) 
or Xfcmod3 ^ (2rt)mod3. So to will have at least [^] > [^] — 1 double prime 



pairs. 

Lemma 4.4. For i = 1,2, ■■■ ,i m , j , 



□ 



1 - i - i 




1 _ ± _ 1" 


> 




n:=i 


1 _ i _ r 


Pi Pi _ 




Pj Pj _ 






Pi Pi 



(4.7) m n 

i=l 

Proo/. From equation l{2~2"0j) . gj), l(0)l . 

For i^k,we have S^m,^ |f 0, A,;pj |f 0, Xj) > S(\m(l - 3/p j )'],p l ^ Q, X. t ) 

and S(m,pfcH'0 ) A fc ;p i ^0,A J ) > S(fm(l - 3/ Pj )],p k 1 0, A fc ), 



so that S(m, Pl jf 0,Ai;pfc It Mfc5Pj |t 0,Aj) = 5([m(l - 3/pj)l,Pi -It 0,A;;p fe jf 
0, A fc ) + A(pj |t 0, A,;p fe |f 0, A fc ) > 5( [m(l - 3/ Pj )], Pi |t 0, A,;p fe |t 0, A fc ). 

Thus 5(171,^, |t 0,A n ;p i2 |t 0,A l2 ; Pj |f Q.A,-) > 5(^(1 - 3/ Pj )], Pil l^0,X n ;p i2 |t 

0,A i2 ). S(m, Ph |t 0,A n ;p i2 |t 0, A, 2 ; • • • ,p im |f 0,A im ;pj |f 0,Aj) > 

S(\m(l-3/ Pj )'], P i 1 ItMuSPw |t0,Ai 2 ;--- ,p im |t 0, A im ), 



m n 

»=1 



J 1_ 

Pi Pi 



Pj Pj _ 

= 5(771, pi p,Ai;p 2 lt0,A 2 ;- • • ; Pim It 0, A im ;pj |t 0, Xj) 
> S(\m(l ~ 3/ Pj )], Pi |t 0, Ai;p 2 # 0, A 2 ; • • • ;p im 0, A, J 





1>m 

n 


1 _ J, _ 1' 




i=l 


Pi Pi 



Suppose that for 1 < r < i 
(4.8) m ft 



1 _ i _ i" 




1 _ ± - ± 






1>m 

n 

i—r 


1 - i - 1' 


Pi Pi _ 




Pj Pj _ 






Pi Pi 



where t > 0. It means that the effect of operator 



Pj Pj 



when operating on m 



is that dividing Z = {1, 2, • • • , to} into two sets X = {1, 2, 



• • • , to = 



m I 1 ~ f- 



} 



and X' = {X[, X' 2 , ■ ■ ■ , X[, t = m - m' > 0}. From equation (|2~221) . (£231, BIO . 
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(|4.2|) . and (|4.8j) . we have 



m n 

% — T- — 1 

im 

= m n 

z— r 



Pi p> 



p 3 pj 



Pj Pj 



i i 

p r _i p r _i 



> 



/?? 



%—T 

i 1 - i)] n I 1 

v / %—T L 

(i-^)l.n i 



Pi Pi 



Pi Pi 



+ t 



1' I" 

Pr-l Pr-1 



1' _ 1" 
Pr-1 Pr-l 



Pi Pi 



or 



rn n 

i—r 



mil 

i=r 



1 — 3. _ J_ 

Pi pi 



j i_ 

Pi Pj 



Pj Pj 



l i 

p r _i p,._i 



m n 

i—r 



Pi Pi 



n 



_i i_ 

Pi pi 



j i_ 

pj pj 



Pr-l 



m(l-A)]n 

2— r 



Pi Pi 



+t 





TO ( 


i-aYI 












pj; 


> 


TO f 








Pj / 



_j_ 

Pi 



J 1_ 

Pi Pi 



J. 1_ 

Pi Pi 



Pr-l 
1 



Pr-l 



1' 



Pr-l 
l" 



Pr-l 



1 1 

Pr-l Pr-l 



+ t 



1 1_ 

Pi Pi 



Pj Pj 



Pr-l 



1' 1" 

Pr-l Pr-l 



If (2n)modp r _i = 0, then 
1 - 



(4.9) 



to n 

i=r— 1 



_1 1_ 

Pi Pi 



1 1_ 

Pj Pj 



> 



m 1 



n 7 



i 

Pr-l 



n 



Pi Pi 



□ 



In fact, if 

to n 



i=l 







l - i - X" 


< 




ni=i 


l - i - x" 


Pi Pi _ 




Pj Pj _ 




Pi Pi 



then for any Pi,Pj, before deleting the multiples of other primes, it must have 



1 — — — — 

Pj Pj 



< 



('-*) 



1 — — 

Pi pi 



which contradicts Lemma 14.21 So this lemma is true. 



□ 



THERE IS AT LEAST ONE PAIR OF DOUBLE PRIMES FOR ANY EVEN NUMBER 13 



With Lemma [4.21 the operator 



Pj Pi 



can be represented by ^1 — ■j^j, 



and other operator 



can operate on this inequality unchanged. 

5. EXPLANTATION 



Pj Pj 



Let m — spiPj + apj + b > pj, then for all pi < pj , the effect of m 
is a nature sequence X = {f(Z)} whose number is not less than \m(l — 3/pj)~\. 
The reason is as follows. When a nature sequence is deleted by the multiples of 



Pj, the sequence is subtracted by 
in a table of pj rows (Table 1). 



Pj 



ra+Oj 
Pj 



We can arrange the m items 



pj 



will delete the pjth row, and 



m+8j 
Pj 



will 



delete the (2n)modpjth row. Thus there are (pj — 2) rows left in which each item 
Zfcinodpj ^ 0, (2n)modpj. 

Table 1. Set Z 



1 


Pi + 1 ■ 


■ (Pi 




h 1 


• ■ • (spi 




hi 


SPiPj - 


hi • 


• SPiPj - 


h apj - 


h 1 


2 


Pj + 2 • 


• (Pi 


- l)Pi ~ 


h2 


• ' ' {spi 


- l)Pj - 


h2 


SPiPj - 


h2 • 


■ sp t pj - 


h apj - 


h2 


b 


Pj+b ■ 


• (ft 


- " 


h6 


■ ■ ■ {spi 


- l)Pj - 


^b 


SPiPj - 


hfc • 


■ SPiPj - 


- apj - 


h6 




2 Pj ■ 




PiPj 






SPiPj 




SPtPj + Pj ■ 









But every pi items (0 < r = Z^modpi < — 1) in any row of the first 
spi columns consist in a complete system of residues modulo p,-, because C\ = 
{l,Pj ■ + 1, 2pj + 1, • • ■ , (pi — l)pj + 1} and C r = {C\ + r} are both complete system 
of residues modulo pi, where r is any (row or column) constant. There are (pj — 2) 
such rows or spi{pj — 2) items left. These items are effective to a nature sequence 
when deleting multiples of pi , 



Pi pi 



1, t 



Pj Pj _ 

items. If we add these items by removing those 



--s{ Pl -2){p 3 -2). 
will delete at most 



SPiPj [i - £ - £j yi - ~ - f-\ = sp t {p 3 - 2) 

Let t = apj + b, 0<b<pj — I, Q<a<pi~ 

a+(a+l)<t± + sp iPj ± = f- 
from the end of sequence, then the sequence is again effective to a nature sequence, 
which has at least, 



M{j)>s Pi ( Pj -2)+t 

> s Pi(Pj - 3) + t + sp 
= sPi{Pj - 3) - 3 

> sp, Pj (l-|)4 



i i_ 

Pj Pj 
4a- 2 



[a+ (a + 1)] 



(spiPj +*)(! 



+ t + (s Pl - a - 2) 
(sp l - a - 2) 
-2) 



t _ 3* 



Pj 

+ (spi 



m(l-±) +{spi-a-2). 
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For s > 2 or a < p L — 2, we have (spi — a — 2) = (s — l)pi + {p L — a — 1) — 1 > 0, 
M(j)> [ m (i-JL)"|. 

For s = 1 and a = |>i — 1, the items of £ have rows, pi — 1 columns and some 
6 items. In each of the first 6 rows, there are exact pi items which consist in a 
complete system of residues modulo pi, and these items can be considered as an 
effective nature sequence when deleting the multiples of Pi (Z^modpi = 0, Aj). The 
other items have at most pj rows and pi — 1 columns where the multiples of pj have 
at most 2(pi — 1). As before, we can add these items to make the t as an effective 
nature sequence, therefore, 



M(j) > sp i (p j -2)+t 



mil - ±) 



1 



•2(pi-l)> m(l--2j) +{spi-a-l)> 



Thus for any pi < pj, the original sequence of m > pj, after deleted all the 
multiples of pj from 2n = Zk + Z' k , is effective to reconstruct a new nature sequence 



having at least m(l — 



items. 



Example 5.1. 2n = 46, m = 2n - 1 = 45, Z = {1, 2, • • • ,45}, 

For pj = 5, after deleted the item of Zkmodpj = 0, (2n)modpj, it becomes 
Z -► Z' = {2, 3, 4, 7, 8, 9, 12, 13, 14, 17, 18, 19, 22, 23, 24, 27, 28, 29, 32, 33, 34, 37, 38,- 
39, 42, 43, 44}. we can rearrange these items as Z' = {(19), 2, 3, 4, (23)7, 8, 9, (22),- 
(29), 12, 13, 14, (27), (28), 17, 18, 1 1, 24, 32, 33, 34, 37, 38, 39, 42, 43, 44}. The first 



(l-± 

V Pi 



= 18 items can be taken as an effective nature sequence ({1, 2, • • • , 18}) 

from the original one when deleting the items of Zkmod'3 = 0, (2n)mod3. The 
other sequence X = {24,32,33,34,37,38,39,42,43,44}, having at least zero item 
after deleted the multiples of all primes, will be neglected in further process. 



6. Proof of Theorem 11.11 

For a given 2n, consider the possible pairs of 2n = pi + pj, where pi and pj are 
both primes. 



Lemma 6.1. The (double) prime pairs in 2n, 
D(2n) > 



(6.1) 

where 
(6.2) 



v-l 

f n 



i=3 



P.+1-3 3 




~W(v)-9~ 


Pi 2 




6 



w(v) = Pv n 



i=3 



Pi+i - 3 
Pi 



If W(v) > 9 then D(2n) > 1. 

Proof. From equation (HJl, ESJl, 63, and g2J|, 



THERE IS AT LEAST ONE PAIR OF DOUBLE PRIMES FOR ANY EVEN NUMBER 15 



D (m) 



m Il(2n) mod pi=0 



1-i 

Pi 



n 



(2n) mod Pj^O 



Pa Pj 



but 



>m[l-i]nl= 



> 

> 

> 
> 



Pi Pi 



u-1 

( = 2 



_L 1_ 

Pi Pi 



K 1 -^)! ( x -^)l ^-lin^ 2 



• i 1 Pi 



> 



mil 

- TP ( 1 - -2- 

6 lli=3 I x pi 

nu (i - 1) 

_ P3-3 p 

Po 

and m = 2n — 1 > p 2 , so 



[1-1] 



- 1, 



l _ l 

3 3 



P3 — 3 P4 — 3 _ p^-i—3 p v — 3 

P3 P4 P«-l P„ 

P3-3 p 4 -3 p 5 -3 _ _ _ p„-3 _ _2_ y\ v ~ 1 PW 3 



Pd P3 P4 

„2 



Pv-1 



p v 1 pi 



(6.3) D (2n-1)> 

From equation (|2.14|) , l|2.15[) 



2 V — l 

EjlJL TT P»+i~ 3 
1=3 



w-1 

3 1 A Pi 

1=3 



D(2n) 



> 



£>o(2n-l) 
2 



6 lli=3 p, 



£»(V2n) - -Di > 



2» TT 11-1 P'+ 1-3 
3 lli=3 pi 



□ 



Proof of Theorem ITT1 Because for v = 5,p v = 11, W(v) = llff = 10.057 > 9. 
Suppose that for v, W(v) = p v 1^=3 ^'^p 1 ^ 3 > 9, then for u + 1, 



(6.4) 



W(v+1) =p v+1 lll 3 ^= Pv ll^2^2^2^ 



= W(v) p ^-^ +1 . 
Because, p v +i = p v + 2A, A > l,p v > 11, 

P 2 V+1 - 3 Pv+1 -p 2 u = ( Pv + 2A) 2 - 3( Pv + 2A) - p 2 v 
= P 2 V + AA Pv + 4A 2 - 3 Pv -6A-p 2 v 
= 3(A - l) Pv + A( Pv + 4A - 6) > 0. 

Therefore, p " +1 p2 3p " +1 > 1, W(v + 1) > W(v) > 9. From 'the principle of math- 
ematical induction', we can conclude that for any v > 5, we have W(v) > 9 and 
D(2n) > 1, or there is at least one pair of double primes Pi,Pj such that 2n = Pi+Pj 
for any In > p 2 + 1 = ll 2 + 1 = 122. 
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Besides, when 6 < 2n < 120, we know that there is at least one pair of primes 
Pi,Pj such that 2n — pi +pj. In fact, from Eq. (|f>. 1|> . D(2n) approaches infinity as 
n grows without bound. The proof is completed. □ 

Corollary 6.2. Any odd number not less than 9 can be expressed as the sum of 
three odd primes. 

Proof. If n is odd number, p\ — 3, then n — p\ > 6 and can be represent as the 
sum of two primes pi + P3 from Theorem ll.il So n = pi +f>2 +P3> D 

Example 6.3 (Actual vs. Simplified Formula). Figure ^ shows the minimum 
actual prime pairs D(2n) (solid line) of 2n in the range of [pi + l,p^ +1 — 1] and 
the simplified formula (dashed line) from Eq. (|6.1J) against v. From this figure, it 
is easily seen that 



(6.5) D(2n)> If ^=3^-1 



> 1. 



2000 




Figure 1 . The minimum number of actual prime pairs (solid) and 
its simplified formula (dashed) against v. 
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